The archetypal problem of extremal graph theory is to determine the maximum number of edges in an n-vertex graph that does not contain some xed graph H as a subgraph; this is usually written as ex(n; H). Tur an solved this for cliques; an extensive discussion of this and related problems appears in 1]. In this paper we study large graphs when we forbid H as an induced subgraph; such graphs are called H-free. Since any large clique is H-free when H is not a clique, and since disjoint copies of a graph introduce no new connected subgraphs, we obtain a more sensible problem by de ning ex (D; H) to be the maximum number of edges in a connected graph G with maximum degree at most D. The problem has been solved for H = P 4 when D is even. In these cases the extremal graph is unique; for H = P 4 the graph is K D;D , and for H = 2K 2 it is the graph obtained by expanding each vertex of a 5-cycle into D=2 vertices with the same neighborhood (ex (D; 2K 2 ) is slightly smaller as a function of D when D is odd). In this paper, we solve the problem exactly for H = 2P 3 except for small values of D; again the extremal graph is unique. We refer to a largest connected H-free graph with maximum degree D as an extremal H-free graph.
It was observed in 3] that ex (D; H) is unde ned unless H is a disjoint union of paths. An arbitrarily long cycle has no xed-length cycle or vertex of degree more than 2, so there are arbitrarily large 2-regular H-free connected graphs (and also D-regular D-connected H-free graphs 3]) unless H is acyclic and has maximum degree 2.
If H = q i=1 P m i and m = q ? 1 + P q i=1 m i , then an H-free graph is also P m -free.
The diameter of a P m -free graph is less than m ? 1 Let n(G) = jV (G)j and e(G) = jE(G)j denote the order and size of a graph G. We use N(x) = fu 2 V (G): ux 2 E(G)g for the neighborhood of vertex x, and we let N(S) = x2S N(x). We use G S] to denote the subgraph of G induced by the vertex subset S. The degree of a vertex in G is d(v), the maximum degree of G is (G), and the number of vertices in the largest clique in G is !(G). We use \clique" to refer both to a complete subgraph and to the vertex set of a complete subgraph, as is common with \independent set" for a clique in the complement. 3. STRUCTURAL DESCRIPTION Let G denote the class of connected 2P 3 -free graphs with maximum degree D. Our approach to determining ex (D; 2P 3 ) is to bound the size of an arbitrary G 2 G in terms of !(G) and compare this with values of e(G k ) for appropriate k. In this section we develop a useful structural description for G.
If G is a clique, then e(G)
, so we may assume G is not a clique. Let W be a maximum clique of G, with order w 2. Since G is connected, some vertex outside W has a neighbor in W. Since W is a maximum clique, some vertex in W is not adjacent to . These xed vertices P = f ; ; g induce P 3 .
Partition V (G) into P; M 1 ; M 2 , where M 1 = N(P) ? P and M 2 = V (G) ? N(P). Let The next lemma will provide a bound on the size of Q. LEMMA 6. The subgraph H 1 contains a clique K such that Q = x2K Q(x). Proof: Among the cliques of H 1 , let K be one that maximizes j x2K Q(x)j, and let S = x2K Q(x). Suppose T is an element of Q omitted by S. Choose y such that T 2 Q(y). If x 2 K is a nonneighbor of y, then Q(x) and Q(y) are ordered by inclusion. With T 2 Q(y) ? Q(x), we conclude Q(x) Q(y). Hence we can replace all the nonneighbors of y by y, and K 0 = y (K \ N(y)) contradicts the choice of K. Fig. 2 . The structure of a 2P 3 -free connected graph This lemma is very helpful in bounding the size of Q. We will use a di erent method for Q 0 , which requires another de nition and lemma. We de ne a webbed star to be the join of a single (\central") vertex with a disjoint union of cliques. Furthermore, h(d; t) is non-decreasing in d and t, so our computation for H also yields a bound for all webbed stars with smaller maximum degree or clique number.
A SIMPLE EDGE BOUND
Our purported extremal con guration has cliques of order D. The relatively easy edge bound we obtain next will enable us to prove that an example with more edges must have clique number bigger than maxfD=2; D ? 6g. As we consider larger values of w, we must be more careful to avoid overcounting in order to bound the edge count by g(D). For the case w = D, we will need a very careful argument. Throughout the remainder of the paper, we continue to use the notation developed in the previous section; in particular, clique K of order k contains an endpoint of an edge to each clique in Q, and W of order w (containing ; ) is a maximum clique. . Together, we again have a su cient reduction in the bound. Hence we may assume that ; have no common neighbor outside W.
At most one vertex in M 1 ? W is in N( ); the rest are in N( ). If has a neighbor x 2 M 0 that has a neighbor y 2 K, then again jQj goes down by one and x has degree at most D ? 1 in its webbed star, and the saving is su cient. By the same computation, if x 2 K and y 2 M 0 , then these vertices cannot be adjacent. Now it is possible to nd an induced 2P 3 using ; x in one path and ; y in the other if has a neighbor x outside W.
Hence we may assume that has no neighbor outside W. This implies that jM 0 j D ? k ? 1. Also, the number of edges incident to P is at most 3D ? 3 
